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ABSTRACT

A central problem of evolutionary biology involves constructing the evolutionary

pathway of observed species. Phylogenetic trees are natural structures used to model

such pathways. We develop a method for comparing phylogenetic trees with a notion
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a local geometry on the space of trees. This geometry involves a comparison of local

algebraic invariants. We use this geometry to construct an algorithm for producing
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avenue of research.
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Part I

Theory

1 Introduction

Network trees are mathematical constructs used to visually represent the re-

lationship between a collection of objects. These trees are defined using a

complete set of distances between any two objects. Of importance are binary

trees, directed or undirected, which join two points that are ”nearest neigh-

bors” together to an interior node. Binary trees are capable of determining

information between objects for a variety of applications. A simple example

is the visual representation of a binary search within a sorted list. The

global topology of a tree is defined as the set of all vertices and edges of

the tree. The local topology of a tree at a given vertex or edge is the set of

vertices and edges in a connected component subtree. Subtrees obtained by

the deletion of an edge or node, producing subtrees of the original tree that

are in and of themselves connnected by all their respective nodes and edges.

Binary trees have properties very similar to the visual representations

of the macro-evolution process. Coarsely, evolution can be described from

the intial point of a community of organisms within a species that are

somehow divided to allow natural selection pressures to create differences

between the two communities and ultimately, through their inability to share

genetic information, new species. In the binary tree we represent the initial

community as a single node, and the divergence through natural selection as

a bifurcation of a single node connecting to two other nodes. A binary tree

1



can represent any series of divergences from the the common ancestor as a

series of bifurcating edges from the single node corresponding to an ancestor,

known as the root, to those nodes representing the descendants, known as leaves.

Each leaf in the context of phylogenetic trees is referred to as taxon (taxa

the plural) are representative of any level of evolutionary difference, from

entire kingdoms to single organisms. The connected history of bifurcations

relating the set of descendants is the evolution tree, or phylogenetic tree.

Until recently, the relationships between organisms could only be attributed

to phenotypic characteristics (those characteristics which are deduced on a

large scale e.g., hummingbird beak lengths, as opposed to those characteristics

at or below the scale of the cell).

The technological innovations in DNA sequencing have led to new methods

of relating taxa by the differences in their DNA. This can be done by

identifying those parts of the genome, or loci, that are orthologous, or known

to be evolved from a common ancestor. In comparing loci we look at the

DNA sequence that comprises these shared sequence othrologues.

Each position in a DNA sequence corresponds to a single letter. We create

an array of DNA sequences from the homologous portions of the genome

shared by each taxa; each ith column returning the ith position for each

DNA sequence by ordering the homologous sequences in a way that best fit

the biological intuition or some mathematical optimization program (e.g. the

Needleman-Wunsch algorithm ). The arrays are known as alignments, while

a single column from an array of alignments is called an aligned base. By

measuring the number of times we observe how often each unique aligned

base in the set of alignments is observed, we can develop the ”‘distances”’
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between the taxa and infer the phylogenetic tree best relating them.

Among the most popular statistical methods in producing a phylogenetic

tree is the evaluation of a class of statistical models under Maximum Likeli-

hood Estimation (MLE). The method corresponds the expectation of alignments

to functions mapping over a space of parameters. The end goal of MLE

is then finding those parameters that best fit these functions to the ob-

served data. The most popular subclass of models in the MLE method

are Markov models. I will show that Markov models allow manipulation

that produce unique non-parametric objects known as algebraic invariants.

These can be used to analyze certain topological features of the phyloge-

netic tree independent of MLE. A major drawback, however, is that the

naive approach to compute and analyze invariants in determining the correct

phylogenetic tree is to compute invariants corresponding to all trees, a com-

putation whose complexity is greater than exponential in the number of leaves.

Given natural assumptions on tree structure, I show that algebraic invariants

provide a means of determining the true topology of a phylogenetic tree. I

then construct the space of all possible tree topologies, where the distance

metric between unique tree topologies is defined by the number of local

topological ’changes’ from one tree to another. From this, I propose the

method of comparing nearest neighbor trees by their invariants. I show that

by initializing on a random tree, evaluating this tree and all trees closest to

it, choosing the best in this subset, then continuing the process with this

chosen tree until the best topology is determined, I may determine the best

fit topology of the phylogenetic tree. This is in fact the greedy algorithm on

the space of trees. I show that this approach in the best case reduces the
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Figure 1: A rooted evolution tree, changes over time flow downward away from com-
mon ancestor, not drawn to scale.

number of trees to compute from exponentially many by the naive approach,

to less than cubic. I propose that though the idea of measuring statistics of

trees for use in a greedy search on the space of trees has been proposed, the

use of invariants to compute the statistical measure on a greedy search has not

been previously proposed. Results of a small experiment using this approach

are included. Though the number of parameters and sample size is small, it

is found that this approach holds promise to problems in phylogenetics.

2 Genetics

2.1 Preliminaries

Deoxyribonucleic Acid (DNA) is a polymer chain composed of four molecules:

Adenine, Cytosine, Guanine, and Thymine. These four molecules are nu-

cleotides, or interchangeably, bases. Each nucleotide in a chain of DNA is
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Figure 2: An unrooted evolution treee, only the relations between taxa are known.

matched against its chemical counterpart as a base pair to form a hydrogen

bond. Along the string of bases, the location of a nucleotide in the DNA string

is called the position. The number of nucleotides associated with the genomes

of an organism vary from on several orders. For example, virus genomes are as

small as 3200 nucleotides, and the human genome is over 3 billion nucleotides.

Nucleotide subsequences of genomes that define biological traits are referred

to as genes. The processes required to support the life of an organism

are in large part controlled by the transcription and replication of genes.

Transcribing and translating genes into proteins that perform biological func-

tions is performed by collections of Ribonucleic Acid (RNA), which are

chemically similar to DNA. These genes are conserved by the process of

DNA replication in the division of cells to provide chromosomes for newly

formed cells. Translation is the process of manufacturing amino acids from

transribed RNA that in turn are used to create an array of proteins that
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run most processes in the cell and, effectively, the entire organism. Subse-

quences of DNA have also been found to contain most, if not all, of the

information necessary to produce many of the biological traits of an organism.

A taxon is the basic unit in phylogenetics, used to distinguish collections

of organisms on as small or large a scale as desired. A fish and a dog,

for example, are members of the taxon type Phylum as Chordata, due to their

shared trait (among others) of having a central skeletal structure. A dog,

a jackal, and the shared genes between them are much more similar in

comparison and are collected in the taxon type Genus as Canis. The taxon

type species is a collection of organisms that are biologically able to breed

and share DNA. The collection of genes of organisms in the same species

and locale defines the gene pool, those genes that can be inherited from

breeding individuals within the same locale.

Biological traits and their genes are under constant pressure by natural

selction, and when gene pools diverge, speciation can occur. Speciation is the

process by which two populations, originally the same species become two

different species and are no longer able to mate and combine DNA in a

common gene pool. Divergence and natural selection from a common ancestor

in the formation of new species is the major process in evolution first

described Darwin. An example of the trees of study in this work are also

used to visually interperet the speciation and divergence of taxa over time,

Darwin in his book The Origin of Species, included a drawing of a bifurcating

evolutionary ”‘tree,”’ with branches ending in taxa currently existing, and

converging to a common ancestor, or root. The evolutionary tree over time

was formally named a phylogenetic tree, and the study of evolution by the
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Seq 1 :
Seq 2 :
Seq 3 :
Seq 4 :
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A
T
T
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C
C


T
T
C
G

C
C
C
C

· · ·
· · ·
· · ·
· · ·

(1)

Figure 3: A set of 4 alignments with the 2nd aligned base highlighted

molecular genetics is Phylogenetics.

An important question that arose immediately after the intial development

of phylogenetics was, ”‘How to produce a phylogenetic tree from the collection

of taxa currently observable?”’ At first this question would be resolved by

observing and carefully quantifying the phenotype, or the physical characteristics

of an organism. Solving this is limited by the identification of those physical

characteristics between taxa that are associated by a common ancestor. This

has several immediate problems, such as how to classify very small organisms

and phylogenetically distant organisms that share a common trait like birds

and platypi.

The modern phylogenetic model is based on the hypothesis of an evolution-

ary ’clock’, that species diverge from a common ancestor and do not converge

back to a shared descendant, and that this divergence is often measured by

the examing the sequences diverging between species at common genes. This

hypothesis is made formal on a phylogenetic tree by fixing the graphical

structure to a directed, bifurcating tree. All binary trees have the following

properties:

• All interior nodes in bifurcating trees have exactly one parent node and

two children nodes, which represents speciation. When undirected, the

interior nodes have exactly valence three.

7



• The source node(s) represent the common ancestor(s) in a phylogenetic

tree.

• The sink nodes (leaves) represent observable taxa in a phylogenetic tree.

• If the single common ancestor is identifiable, it is represented as the

unique source node and referred to as the root.

A mathematical model for the process of evolution of a genetic string

along each edge can be represented to be an independently and identically

distributed (i.i.d), non-degenerative process defined by a Markov matrix. That

is, we suppose each taxa sequence is a DNA string of length n, that the

root string is the gene(s) of a common ancestor for each taxa and that the

ith position along any string is position i. By stacking the observed taxa

sequences such that each position of the sequence is the ith column of the

strings, we construct alignments. Each ith column of the alignments are

referred to as the ith aligned base.

From each position in the DNA string associated to a parent node, we

allow a posterior probability distributions, known as transition probabilites, to

the same position of the string associated to a child node in the tree. This

is the process by which a child node ”‘evolves”’ from its parent. Allowing

for σ(v) to be the unique parent node of the child v, we define for every

edge (σ(v), v) a Markov matrix Pσ(v)v =



P (v = A|σ(v) = A) P (v = A|σ(v) = C) P (v = A|σ(v) = G) P (v = A|σ(v) = T )

P (v = C|σ(v) = A) P (v = C|σ(v) = C) P (v = C|σ(v) = G) P (v = C|σ(v) = T )

P (v = G|σ(v) = A) P (v = G|σ(v) = C) P (v = G|σ(v) = G) P (v = G|σ(v) = T )

P (v = T |σ(v) = A) P (v = T |σ(v) = C) P (v = T |σ(v) = G) P (v = T |σ(v) = T )


(2)
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Q =


−(ra + rb + rc) ra rb rc

ra −(ra + rd + re) rd re
rb rd −(rb + rd + rf ) rf
rc re rf −(rc + re + rf )

 (3)

Figure 4: A rate matrix with the condition of being symmetric, the only necessary
condition of GTR

For each of the four nucleotides we identify four probabilities with column-

sum totals of one.

The biological assumptions do not allow the use of arbitrary Markov

matrices between nodes , and so several models have been proposed to allow

derivations of Markov matrices as functions of a non-degenerative process over

time. One of the most popular models is the General Time Reversible (GTR)

model. This model attributes the process of evolution between two sequences to

a rate matrix [ taken to a continuous exponential process over time t. ] In GTR

for each edge the rate matrix is a symmetric matrix with column totals 0 [31].

In GTR the Markov matrix P in Equation (2) is computed by an

exponentiating time t over the instantaneous rate matrix Q:

P (t) = eQt =
∞∑
i=0

1

i!
Qiti (4)

As time t increases, there is a greater probability that the label at a

position for a taxa will degenerate into another nucleotide. The graphical

representation of time on a Markov matrix is the length of the edge

corresponding to the phylogenetic tree. Additionally, for the general GTR

model the above identity (4) can only be computed numerically, but on some

restrictions of the GTR there are closed algebraic forms on t.
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2.2 Group-based Models

A special restriction on the rate matrices associated to edges of the phylogenetic

tree must be considered for future reference. Of first consideration is the

Jukes-Cantor model. Fix a rate α for the rate matrix Q to create the

Jukes-Cantor rate matrix:

Qσ(v)v =



−3α α α α

α −3α α α

α α −3α α

α α α −3α


(5)

As mentioned before, in some cases we can obtain an algebraic form of

the transition probability matrix from computation of the rate matrix. This

is true for this restriction, and the associated Markov matrix is:

Pσ(v)v =



1− av av av av

av 1− av av av

av av 1− av av

av av av 1− av


(6)

The development of the Jukes-Cantor model was meant to simplify algebraic

methods, and is generally explained as plausible as the av will be relatively

small, and that variation on positions is fairly uniform. This does not

necessarily fit the reality, as even under the assumption that evolution occurs

as the process described above, the rate matrices in would not be restricted

to be uniform.

A less restrictive Markov matrix is the Kimura 3-parameter model defined

by:
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Mσ(v)v =



1− av − bv − cv av bv cv

av 1− av − bv − cv cv bv

bv cv 1− av − bv − cv av

cv bv av 1− av − bv − cv


The Kimura 2-parameter model is exactly like (2.2), with the added

restrction bv = cv. The Kimura-2 and Kimura-3 models allow for some leeway

in biological plausibility that the Jukes-Cantor did not, as we are allowed

different rates between transitions and transversions. Transitions are substi-

tutions between chemically similar nucleotides, and are much more common

than transversions, which are the set of all other substitutions.

By assuming a directed bifurcating tree topology, and associating to each

edge sets of transition probabilities, we define a bayesian network ; that is, we

have defined a model with the following collection of properties [23]:

• A set of variables and a set of directed edges between variables

• Each variable has a finite set of mutually exclusive states

• The variables and edges form a directed acyclic graph

Though we have defined a model, the associated transition probabilites

occurring in the model are not directly identifiable, and the question of

how to construct the tree topology can not be addressed. It remains to

be seen what other forms of data can be analyzed from the observations

of sequences and how to use this data to construct the correct phylogenetic tree.
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The address the problem of identifying the transition probabilities that

best fit the model, we must measure statistics on aligned strings. Our model

creates a random walk on Markov matrices from root to each leaf, resulting

in probabilities that each nucleotide will occur at a given leaf at a single

position. Then for a single position on all sequences, the nucleotides observed

are the results on a random walk over a phylogenetic tree. The ordered

collection of these nucleotides arranged over one position, is an aligned base,

and the most useful and popular statistics are measured over occurrences of

aligned bases. For notation, we refer to the aligned base at position j as aj

and the number of occurrences observed in the alignments uaj . We refer to

the mean number of times aj is observed by p̂aj =
uaj
n

, and the indeterminate

probability of the aligned base occurring, paj . The indeterminate probability

is a construction of the models we create, and our purpose is to optimze

our models in a way such that it allows a minimal difference between the

evaluation of
{
paj
}

and the observations
{
p̂aj
}

.

3 Maximum Likelihood Estimation

Of the many statistical approaches measuring aligned bases, the most popular

among computational biologists is Maximum Likelihood Estimation (MLE).

MLE is a general method that has many classes of model functions over a

parameter space. For now, this parameter space is a collection of undefined

variables Θ := (θ1, . . . , θd), θi ∈ C.

Let m be the length of the alignments, a′i the alignment for position i.

For the array of n alignments [a′1, a
′
2, . . . , a

′
m], a′i ∈ {A,C,G, T}

n, we compute

coordinate expectation over the parameter space.
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fa′i : (θ1, . . . , θd) 7→ {0, 1} (7)

From this model we suppose that each observation a′i is indepedent for

i = 1, . . . ,m, along the length of the alignments. Then the probability that we

observe the series of aligned bases a′i for all positions i in the alignments is

the product of all fa′i ,

L(a′1, . . . , a
′
m|Θ) :=

m∏
i=1

fa′i(Θ) (8)

where L is referred to as the Likelihood function for all aligned bases on Θ.

Example From the first 4 aligned bases in Figure (3), we identify the

coordinate functions and the associated likelihood:

(fAATT , fGCCC , fTTCG, fCCCC) (9)

L(AATT,GCCC, TTCG,CCCC|Θ) = fAATT (Θ)fGCCC(Θ)fTTCG(Θ)fCCCC(Θ)

(10)

Define for the set of all unique observations {aj} = {A,C,G, T}n the

associated set of coordinate functions:

{
(faj : (θ1, . . . , θd) 7→ [0, 1]) : aj ∈ {A,C,G, T}n

}
(11)

For the set of coordinate functions in Equation (11) define the direct

product F of all coordinate functions:

F : Rd → [0, 1]4
n

, Θ 7→ (fa1(Θ), . . . , fa4n
(Θ)) (12)

Example The direct product of coordinate functions for a set of 4 alignments

13



is

(fAAAA, fAAAC , . . . , fTTTG, fTTTT )

For the set of coordinate functions faj and the set of aligned base

observation counts uaj , the likelihood function on the set of alignments is

L(ua1 , . . . , ua4n
|Θ) =

4n∏
j=1

(faj)
uaj (Θ). (13)

Example Given the set of all nonzero observation counts for 2 alignments is

(uAA = 1, uCA = 2, uGC = 4, uTG = 3), the likelihood function is:

L(uAA, uAT , . . . , uTT |Θ) = fAA(Θ)f 2
CA(Θ)f 4

GC(Θ)f 3
TG(Θ)

It is easily checked that Equations (8) and 13 are equivalent on any set

of alignments.

The problem of Maximum-Likelihood Estimation is to maximize the likeli-

hood function for a set of observation counts uaj over Θ. This produces a

set of parameters that best ’explain’ the set of counts
{
uaj
}

as the most

likely observation, and return the set of estimates faj(Θ) closest to p̂aj .

The form of L looks intimidating as is, but allowing for L to be twice

continuously differentiable, solving for the local and global maximmum(s) of L

is equivalent to solving for the local and global maximum(s) of any strictly

increasing, twice-differentiable transformation of L. The transformation best

suited (in most cases) for determining the local and global maximum(s) of

L is the logarithm.
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l(Θ) := log(L(ua1 , . . . , ua4n
|Θ)) =

m∑
j=1

uajfaj(Θ)

The logarithm transform of the likelihood function is the log-likelihood, and

limits the computational complexity to a linear function on the complexity

of the collection of functions faj .

Example From Example (3), we calculate the log-likelihood:

log(L(uAA, uAT , . . . , uTT |Θ)) = fAA(Θ) + 2fCA(Θ) + 4fGC(Θ) + 3fTG(Θ)

To find the best set of coordinate expectations is to identify the global

maximum of the likelihood function and equivalently the log-likelihood function.

An obvious method for obtaining this would be to first obtain a critical

point. A critical point of the log-likelihood function is defined by satisfying

for 1 ≤ i ≤ d,

∂log(L)

∂θi
=

1

L

∂L

∂θi
= 0

These critical points, for any case larger than one-dimension, do not

imply global or local maxima or minima. To guarantee local maxima of

the log-likelihood function, all second partial derivatives of the log-likelihood

function must be negative.

Example The simplest construction for a collection of coordinate functions

faj comprising the likelihood function is a linear combination of (θ1, . . . , θd).

faj(Θ) =
d∑
i=1

bjiθi + cj

15



The derivative of the log-likelihood function by a chosen indeterminate θk

with the above as a coordinate function for all j is:

∂log(L)

∂θk
=

m∑
j=1

uaj · bjk
d∑
i=1

bjiθi + cj

For the case of a set of 2 alignments, the coordinate functions would

have the form

fa1 = fAA(Θ) = (b11θ1 + c1) + (b12θ2 + c1) + · · ·+ (b1dθd + c1)

fa2 = fAC(Θ) = (b21θ1 + c2) + (b22θ2 + c2) + · · ·+ (b2dθd + c2)

...

fa16 = fTT (Θ) = (b(16)1θ1 + c16) + (b(16)2θ2 + c16) + · · ·+ (b(16)dθd + c16)

and the set of all partial derivatives of the log-likelihood would be

∂log(L)

∂θ1

=
m∑
j=1

uaj · bj1∑
i=1

bjiθi + cj

∂log(L)

∂θ2

=
m∑
j=1

uaj · bj2∑
i=1

bjiθi + cj

...

∂log(L)

∂θd
=

m∑
j=1

uaj · bjd∑
i=1

bjiθi + cj

A critical point of L is obtained when Equation 14 are all zero for some

Θ ∈ Rd

The solution for finding the zeros of single derivatives for a likelihood

function can be done employing calculus or Groebner bases if the loglikelihood

16



function is allowed a representation as a polynomial in R[θ1, θ2, . . . , θd].

The MLE approach is very rich and there are a variety of models that

have been previously proposed with varying levels of success [25].

4 Hidden Markov Model

The Hidden Markov Model (HMM) is a class of graphical models that involve

actions between nodes that may either be observed or hidden. The models

themselves are fit using Maximum-Likelihood Estimation, with a collection of

coordinate functions evaluated to maximize the associated likelihood function.

The graphical construction of an HMM is a Bayesian network with a single

source node, associated with two complementary subsets of its vertex set. The

first set consists of those whose labels may be observed, and the second a

collection of nodes whose labels are not observed, and are deemed ”hidden”.

By the properties of directed acyclic graphs, we do not allow models to

include outward edges from observed nodes, as their state is observable and

hence are d-separated from any candidate nodes (The reader is referred to

[23] for further reading on the properties of directed acylic graphs). The edges

represent an array of posterior probabilities, with an independent distribution

associated to the (unique) source node of the graph. To explain this method

further, we compute a small example.

Example Imagine a short series of hidden and observed coin flips, two

observed and two hidden, such that the probabilities for each are conditional

on any previous coin flip. We associate hidden variables
{
vh0 , v

h
1

}
and

observed variables {vo2, vo3} with directed edges and their respective probabilites
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Figure 5: Simple HMM

E(T ) = [(vh0 , v
h
1 ), (vh0 , v

o
2), (vh1 , v

o
3)]. Each edge in turn has an associated transition

probability distribution, and a prior distribution is associated to the initial

vertex.

Θ = [θ0, θ01, θ02, θ13] = [P (vh0 ), P (vh1 |vh0 ), P (vh2 |vh0 ), P (vh3 |vh1 )]. Then the coordi-

nate function for the observation (vo2 = H, vo3 = T ) is

fHT =
∑

i,j∈[H,T ]

θ0(i)θ0,1(i, j)θ0,2(i,H)θ1,3(j, T )

It is easily checked that this satisfies the non-biased, independent case for

binomial probabilities.

By restricting Bayesian networks to trees, and attaching to each the

Markov matrices constructed in Section (2), we can evaluate the Phylogenetic

tree problem by MLE. The root is the unique source vertex with no directed

inward edges. Some constructions allow a single outward directed edge, while

others delete this edge and label the resulting valence two node as the root.
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This is a matter of preference, as the two constructions are equivalent (Allow

for a bifurcating root with independent distribution vector πr to have the

form π
′
rPer for some vector distribution π

′
r and the adjacent outward edge

posterior distribution Per). The leaves of the tree are all vertices with a

single directed inward edge and no directed outward edges.

Each edge will be associated to a Markov matrix, which in turn describes

an array of parameters in Θ.

We construct our parameters for all possible distributions on the root and

edge-set:

∀ i, j ∈ {A,C,G, T} , v ∈ V (T )/ {r} , θσ(v)v(i, j) := P (v = j|σ(v) = i) (14)

πr(i) := P (r = i) (15)

Allowing the vertex ordering V (T ) = {v1, . . . , vm}:

Θ =(πr(A), . . . , πr(T ), θσ(v1)v1(A,A), θσ(v1)v1(A,C), . . . (16)

. . . , θσ(v1)v1(T, T ), θσ(v2)v2(A,A), . . . , θσ(vm)vm(T, T )) (17)

With the proper probabilistic conditions that
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∀ i, j ∈ {A,C,G, T} , θσ(v)v(i, j) ≥ 0,
∑

k∈{A,C,G,T}

θσ(v)v(i, k) = 1 (18)

∀ i ∈ {A,C,G, T} , πr(i) ≥ 0;
∑

k∈{A,C,G,T}

πr(k) = 1 (19)

(20)

For all practical cases, we substitute positivity for nonnegativity for dis-

tributions, as it assumed that there is a chance of position evolution to all

bases, no matter how small.

Then we may associate for each Markov matrix Pσ(v)v as constructed in

Section 2:

Pσ(v)v =



θσ(v)v(A,A) θσ(v)v(C,A) θσ(v)v(G,A) θσ(v)v(T,A)

θσ(v)v(A,C) θσ(v)v(C,C) θσ(v)v(G,C) θσ(v)v(T,C)

θσ(v)v(A,G) θσ(v)v(C,G) θσ(v)v(G,G) θσ(v)v(T,G)

θσ(v)v(A, T ) θσ(v)v(C, T ) θσ(v)v(G, T ) θσ(v)v(T, T )


Remark Whether the transition probabilities are dependent or independent

of a chosen edge is a choice of whether the edges are of the same length.

If we recall, the Markov matrix constructed above was dependent on time.

Fixing an edge length would be equivalent to fixing a time t and thus fixing

the Markov matrix for each edge.

Each unique observation aj in the phylogenetic HMM is an aligned base,

with the labels in the aligned base the associated observations on the leaves

of the tree. Then the coordinate functions faj are sums over the products

of the parameters associated to each edge and the independent distribution
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of the root.

Example We perturb the HMM in Figure (5) into a phylogenetic tree by

replacing the binary labels with nucleotide labels, and remove the node vh1 by

the following process: ∀ i, j ∈ {A,C,G, T}, let

θvh0 vo3(i, j) =
∑

k∈{A,C,G,T}

θvh(i)θvh0 vh1 (i, k)θvh1 vo3(k, j).

Allow the tree to only contain nodes
{
vh0 , v

o
2, v

o
3

}
, edges

{
(vh0 , v

o
2), (vh0 , v

o
3)
}

,

and probabilities
{
θvh0 , θvh0 vo2(i, j), θvh0 vo3(i, j) : ∀ i, j ∈ {A,C,G, T}

}
. The result

is a rooted phylogenetic tree, and the problem of determining the values of

coordinate functions for two alignments is equivalent to evaluating this model.

We order the elements in the set of leaves L(T ) as the order of the

aligned base, (l1, l2, . . . , ln). Let the interior vertices be all those vertices

with valence 3, hence IV (T ) = V (T )− (L(T ) ∪ {r}). Let {vi0, vi1, . . . , viν} be a

partial ordering of the interior vertices by distance away from root, least to

greatest, such that viν−(n−1), v
i
ν−(n−2), . . . , v

i
ν are the parent nodes of l1, l2, . . . , ln,

respectively.

Then for any aligned base aj, we associate the individual labeling on the

leaves by (aj(1), aj(2), . . . , aj(n)), and the expectation of the aligned base on

the leaves by the coordinate function

faj =
∑
kr

∑
k
vio

∑
k
vi1

· · · (21)

· · ·
∑
k
viν−1

∑
k
viν

πr(kr)θvio(kr, kvio)θvi1(kvio , kvi1) (22)

· · ·θviν−1
(kviν−1

, aj(n− 1))θviν (kviν , aj(n)) (23)
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which is just the sum of the parameter products over all root and interior

labelings. The resulting likelihood function is the same as above, taking a

product of each aligned base expectation for each position. A clearer form

of the coordinate function is to build a set of histories of the interior labels.

Let IV (T ) = V (T ) − (L(T ) ∪ {r}) be the set of all interior vertices and

H =
{

(kv)v∈IV (T )∪{r}
}

the set of all labelings on the interior vertices plus the

root, then the coordinate function

fl1l2···ln(kl1 , kl2 , . . . , kln) =
∑

(kv)∈H

(πr(kr)
∏
e

Mσ(v)v(kσ(v), kv)) (24)

It is trivial to show that Equations (23) and (24) are equivalent.

The indeterminates for the general Markov model on each edge-wise

Markov matrix is 12 (we require the column sums to be 1), the number of

indeterminates across the whole model is 3+12(|E(T )|) = 3+12(2n−3) = 24n−33,

and the total degree of polynomial to evaluate for each coordinate function

is 2n − 2. While the logarithm transformation relieves us of evaluating

indeterminate products of exponentially greater total degree, it is apparent

that finding a global maximum is indeed difficult for any method. This is

usually why after a certain number of taxa, the HMM on phylogenetic trees

is perturbed to trade efficacy for efficiency, or not used at all.

In general, MLE methods have been found to have certain unsavory

properties:

• [6] found multiple maximum likelihood optima for the HMM, and for

certain topologies, continuum of optima occured.

• In [7], it is found that phylogenetic tree reconstruction by MLE is

NP-hard.
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• Depending on the model, such as in [18], MLE on HMM has also been

found to be inconsistent.

Though these problems are especially pernicious for the most general Markov

model, we can drastically restrict the dimension of the parameter space by

choosing a uniform Markov matrix for each edge, and then further by

restricting the degrees of freedom of the parameters in the matrix. These

restrictions and their implications will come into use later on.

The general consensus amongst computational biologists is that, if not

intractable, maximum-likelihood estimation is preferred. Though none of the

models address real issues in the physical processes in DNA replication and

recombination, for the applications of current interest, MLE is the preferred

method.

5 Algebraic Properties of Markov Models

Maximum-Likelihood Estimation is a powerful approach that directly addresses

the commonly assumed phylogenetic theory. However, parameter estimation

along these models becomes computationally expensive as alignment size and

the number of leaves increases. It is wise to consider other properties of the

Hidden Markov Model.

A possible avenue in relieving ourselves from the burden of expensive

parameter estimation is to discuss the algebraic properties of Markov models.

We consider again our coordinate function formally constructed in Equation

(25), and perturb each determinate coordinate function faj by restricting

their domain {θ1, θ2, . . . , θd} and codomains
{
paj : aj ∈ {A,C,G, T}n

}
to be
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Figure 6: Line graph with three vertices

indeterminate. That is, we allow them to remain unknown variables until

substituted for real values. Denote the induced map.

f̃aj : (θ1, θ2, . . . , θd) 7→ paj . (25)

Then the distribution of the indeterminate expectations for all leaf-labels

is a direct product of all coordinate functions in Equation (25) is

F̃ : Θ 7→ (pAA···AA, pAA···AC , . . . , pTT ···TG, pTT ···TT ),
∑

aj∈{A,C,G,T}n
paj = 1. (26)

We construct from im(F̃) the polynomial ring

R[pAA···AA, pAA···AC , . . . , pTT ···TG, pTT ···TT ], and we discuss those functions E :

im(F̃) → C and their various properties. One of the most natural property

to discuss is the kernel of the map E.

24



Example We start with an example from an undirected three node line graph

G as depicted in Figure (6), defined by the vertex set V (G) = {A,B,C} and

undirected edge set E(G) = {(A,C), (C,B)}. Each node is associated an event

whose state space is {0, 1}. For each edge we attach the logical statement

of conditional dependence.

In classical probability, we say two events A and B are independent if

and only if they satisfy

P (A ∩B) = P (A)P (B). (27)

Given a third event C, this independence implies

P (A ∩B|C) = P (A|C)P (B|C). (28)

If A and B only satisfy Figure (28) for some event C, we describe A

and B as ”conditionally independent given C.”

Conversely, if two events A and B do not satisfy Figure (27), they are

depedendent of each other, and if three events A,B,C do not satisfy Figure

(28), A and B are conditionally dependent given C.”

For our three node line graph, let each pair of events be indpendent

given the set all others if and only if there does not exist an edge between

their associated nodes. Then in G, ”A indpendent of C given B” is the

only independence statement.

Let (k1, k2, k3, k4, k5) be not necessarily unique states in the space {0, 1}5
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of any of the events A,B,C, and let pijk := P (A = i, B = j, C = k) for

all states i, j, k. The below follows from the single independence statement

associated to G.

pk1k5k2pk3k5k4 = P (A = k1, B = k5, C = k2)P (A = k3, B = k5, C = k4)

= (P (A = k1, C = k2|B = k5)P (B = k5))

· · · (P (A = k3, C = k4|B = k5)P (B = k5))

= (P (A = k1|B = k5)P (C = k2|B = k5))

· · · (P (A = k3|B = k5)P (C = k4|B = k5))(P (B = k5))2

= (P (A = k1|B = k5)P (C = k4|B = k5))

· · · (P (A = k3|B = k5)P (C = k2|B = k5))(P (B = k5))2

= (P (A = k1, C = k4|B = k5)P (B = k5))

· · · (P (A = k3, C = k2|B = k5)P (B = k5))

= P (A = k1, B = k5, C = k4)P (A = k3, B = k5, C = k2)

= pk1k5k4pk3k5k2

Which in turn implies:

pk1k5k2pk3k5k4 − pk1k5k4pk3k5k2 = 0 (29)

The result in Equation (29) is interesting in that it tells us a logical

property of the model we’ve developed without constructing the model itself.

Since our model must satisfy Equation (29) for any choice of labelings

(k1, k2, k3, k4, k5) ∈ {0, 1}5, the contrapositive is also true: If our graphical

model does not satisfy Equation (29) for any choice of labelings, A and C

are not conditionally independent given B. Hence, we can make assertions
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of the topology of a Markov model with logical independence conditions

attached to edges by evaluating a set of polynomials. Those polynomials in

the ring of indeterminates R[{pijk : ∀i, j, k}] that are congruent to zero are

called algebraic invariants. The set of algebraic invariants of a model form

an ideal in the ring of indeterminates. Let the ideal of all invariants induced

by ”A independent of C given B” be denoted

I(A,C|B). (30)

Suppose we are given a model with events

{
A1, A2, . . . An, B1, B2, . . . , Bn, C1, C2, . . . Cn

}
such that for all i, Ai is conditionally independent of Ci given Bi. Let

M be the union of all such independent statements for the model. then the

following is an ideal of algebraic invariants for the whole model:

IM = I(A1,C1|B1) ∪ I(A2,C2|B2) ∪ · · · ∪ I(An,Cn|Bn) (31)

If the indeterminates of the ring are given a lexicographic order, then the

set of all possible algebraic invariants constructed as above are a Groebner

Basis for the ideal [16]. Groebner bases are objects defined in polynomial

rings, and readers should be referred to the excellent Ideals, Varieties, and

Algorithms [8] for further discussion.

An algebraic invariant not yet discussed but easily demonstrable by the

properties of a set of indeterminate probabilities is:
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∑
k1,k2,...,kn

pk1k2···kn − 1 = 0 (32)

The above examples are meant to show how algebraic invariants can

determine properties of a statistical model, including topological features on a

graphical model.

Remark In 1987, Cavender and Felsenstein [5] and Lake [20] independently

derived algebraic invariants from the phylogenetic hidden Markov model of a

phylogenetic tree. To specify that the algebraic invariants were derived from

phylogenetic models, they are often referred as phylogenetic invariants. These

were shown in [12] to be relatively unpredictive. Early research in producing

phylogenetic invariants by different methods and on various models were mostly

an algebraic exercise. A catalog of papers developing invariants in the first

seven years of research is found in [15].

Before we continue onward with constructing invariants, we need to discuss

a few properties on invariants that would head to confusion. Recall that for

the general problem of producing a phylogenetic tree strictly from the data

on the taxa we are not allowed prior information on any of the interior

vertices, and also the root. All of our constructions up to this point, and

the constructions afterwards, suppose the existence of a root, and in some

cases, use objects that represent the distribution across the root. However, the

invariants we describe do not represent any information across the root or

interior vertices. The problem for constructing phylogenetic trees is then not

to construct directed, rooted phylogenetic trees, but undirected phylogenetic

trees. It should be noted that for n taxa, the number of directed phylogenetic

trees is (2n−3)!! = (2n−2)!
2n−1(n−1)!

, then by the perturbation of labeling the root as
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another leaf. The topologies of the n-leaf rooted trees have a natural bijection

into the set of (n + 1)-leaf unrooted tree topologies. Then the number of

n-leaf undirected phylogenetic trees is (2n− 5)!! = (2n−4)!
2n−2(n−2)!

. [Since our goal is

only to discover the undirected phylogenetic topologies, how can we determine

from constructions of directed trees?] It turns out that when determining

invariants from a rooted model, the choice of the root position is arbitrary.

Corollary 5.1 Let T be a n-taxon tree and let a be one of the taxa labeling

the leaves. Then the phylogenetic invariant ideal IT for the general Markov

model on T rooted at a is identical to the phylogenetic invariant ideal IT

for the general Markov model on T rooted at r, where r is any other leaf,

internal node, or new node insterted on an edge of T .

Proof See [1].

Then the construction of invariants is independent of the location of

the root of the tree, hence all phylogenetic invariants describe undirected

phylogenetic tree models, and any construction involving root distributions are

independent of the root distribution. Now we can discuss invariants and the

construction of undirected phylogenetic tree topologies.

6 Group-based Models

6.1 Fourier on Groups

Recall Section 2, specifically the label rate restrictions in Equations (6) and

(2.2). These restrictions were computational shortcuts that were begrudgingly

upheld to produce phylogenies. However, starting with [13], an algebraically

attractive approach was derived by the way of harmonic analysis.
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We refer specifically to the Kimura-3 parameter model developed in Equation

(2.2). This model is symmetric with 3 degrees of freedom, with an added

group structure. More precisely, we construct a group defined by the elements

{A,C,G, T}, and whose permutations are determined by the map:

{1− av − bv − cv, av, bv, cv} ↔ {A,C,G, T} (33)

Then the set of operations induced onto the array Equation (2.2) is :



A C G T

C A T G

G T A C

T G C A


(34)

To draw closer to the point, we attribute the following reversible map to

Equation (34) :

A↔ (0, 0), C ↔ (0, 1), G↔ (1, 0), T ↔ (1, 1) (35)

Then Equation (34) is isomorphic to the group table for Z2⊕Z2, popularly

known as the Klein four-group. Furthermore, in determining the rate in

Equation (2.2) from bases (k1, k2) we find the group element in Equation

(34) that is equal to k2 − k1, and reversing the map in Equation (33).

Remark The two-state Jukes-Cantor model has a similar map into Z2 , and

the set of all amino acid words, composed of all 3-letter words in the set

of nucleotides, are allowed a similar map into
6⊕

n=1

Z2. That each of these

models have representations as a finite direct product of Z2 is important.

We will need to develop new notation and objects. Let (G,+) be a finite
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abelian group. Allowing T := {z ∈ C : |z| = 1}, we define the characters of a

group G as all maps χ : G→ T that satisfy χ(g1+g2) = χ(g1)χ(g2), ∀ g1, g2 ∈ G.

Hence the characters are group homomorphisms on G, and the set of all

characters on G are defined as the dual group of G, denoted (Ĝ,×). When

Ĝ = Z2 ⊕ Z2, denote the elements in Ĝ as [1, φ, ψ, φψ]. (Ĝ,×) is isomorphic

to (G,+) by the following map.

G→ Ĝ, [(0, 0), (0, 1), (1, 0), (1, 1)] 7→ [1, φ, ψ, φψ] (36)

We also use the notation 〈g, χ〉 to represent the natural pairing of Ĝ and

G:

G× Ĝ→ T, (g, χ) 7→ 〈g, χ〉 = χ(g) (37)

The value for all operations are listed:

〈g, χ〉 :=

(0, 0) (0, 1) (1, 0) (1, 1)

1 1 1 1 1

φ 1 −1 1 −1

ψ 1 1 −1 −1

φψ 1 −1 −1 1

(38)

The concept works in higher orders of G. The dual of the direct sum

Gm =
⊕m

i=1 G is isomorphic to Ĝm under the natural pairing:

〈(g1, g2, . . . , gm), (χ1, χ2, . . . , χm)〉 =
m∏
i=1

〈gi, χi〉 (39)

Given the objects defined above and a function f : G→ C,, we define the

Fourier transform of f by:
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f̂ : Ĝ→ C, χ 7→
∑
g∈G

〈g, χ〉 f(g) (40)

Next, define the binary action of convolution for any two functions f1, f2

on G by

f1 ∗ f2(g) =
∑
h∈G

f1(g − h)f2(h), g ∈ G

The fourier transform has a few inherent properties:

1̂(χ) =


|G|, if χ = 1

0, otherwise

(41)

and

f̂1 ∗ f2 = f̂1f̂2 (42)

Recovering f from f̂ is also found by the process of Fourier inversion:

f(g) = |G|−1
∑
χ∈Ĝ

〈g, χ〉f̂(χ), ∀ g ∈ G (43)

Remark Attributing a set of group based actions to represent the random

walk on a Markov model introduces a wealth of knowledge concerning harmonic

analysis of groups that unfortunately will only be utilized superficially to

develop our desired invariants. Introductory references to applications of

harmonic analysis of groups with applications to statistics include [10] and

[21]. Furthermore, while harmonic analysis on phylogenetic Markov models is

introduced [13], and in turn produces a number of phylogenetic invariants

utilizing a form of gaussian elimination, a more interesting approach in

harmonic analysis will be considered instead.
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We propose a vector distribution (πv) over the elements in G by the

following:

P v(g1, g2) = πv(g2 − g1), ∀g1, g2 ∈ G, v ∈ V (T ), (44)

Given a leaf l, define all vertices in the path from the root r to l by

δ(l). Then a set of G-valued random variables (Zv)v∈V (T ) over the vertices

V (T ) induces a set of G-valued random variables over the leaves, (Yl)l∈L by

the following sum:

Yl =
∑
v∈δ(l)

Zv (45)

Remark The ”trick” to the harmonic analysis in [13] is to develop fourier

analysis on coordinate expectations by finding a representation of aligned base

distributions as summations over distributions of the ’ancestor’ vertex labels.

The following describes the fourier transform on coordinate expectations.

Recall the construction of the indeterminate coordinate expectations pk1k2···kn

defined in Equation (25), and the polynomial ring associated to them. As

pk1k2···kn on any array of group elements (k1, k2, . . . , kn) is necessarily a function

from Gn into the reals, it must have a fourier transform. Evans and Speed

[13] provide the following construction of its fourier transform. First, we

define for a given directed phylogenetic tree, the set Λ(v) of all leaves that

are ”below” v. That is, there is a directed path from v to l in the tree if

and only if l ∈ Λ(v).

Theorem 6.1 Let pk1k2···kn be the (indeterminate) joint distribution of a group

based model on a phylogenetic tree T. The fourier transform of the distribution

is
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qχ1··· χn = π̂(χ1 · · ·χn)
∏

v∈V(T )/r

f̂ v(
∏
l∈Λ(v)

χl) (46)

with the representation π̂r

π̂r =
∑
g∈Gn
〈χ1χ2 · · ·χn, g〉 · π(g) (47)

The proof of which is referred to [30].

From here, [13] develops a method for obtaining phylogenetic invariants,

though a generating set for all such invariants of the Kimura-3 model is not

defined.

It was the arrival of [1] that sparked the idea for the construction of

invariants that could describe a local toplogical feature of a phylogenetic tree.

Although [1] described an unrestricted Markov model and did not produce

all invariants, it did however inspire [Sturmfels, Sullivant; 2005], which does

produce all the invariants for models with edge rates restricted to a single

group structure. Although [1] does predate [27], it is illustrative to show

exactly how those in [27] developed a generating set for all group-based

invariants before proceeding to the (still-open) problem of finding a generating

set of invariants for the general model.

Unfortunately, the notation developed to fully express Equation (47) is not

adequate to construct the invariants in [27]. We will require the development

of Toric Ideals.
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6.2 Toric Ideals

The recent developments of polynomial ring theory, especially in the realm of

Groebner bases, has led an expansive search for special classes of polynmial

ring ideals. One such class that is intriguing for us is the Toric Ideal.

We require the use of a field k (for most instances, we assume that

the field is R). Fix an array of indeterminates x = (x1, x2, . . . , xn), and

denote the monomials xu = xu1
1 x

u2
2 · · ·xunn . Consider the polynomial ring

k[x] := k[x1, . . . , xn]. The ring is generated by all sums and products over

the indeterminate set {x1, x2, . . . , xn}, with coefficients in k.

Let π be a semigroup homomorphism defined by any choice of n d-

dimensional integer vectors A = (a1, a2, . . . , an) :

π : Nn → Zd, u = (u1, . . . , un) 7→ u1a1 + · · ·+ unan (48)

Given this semigroup homomorphism, we define the homomorphism from

the polynomial ring in {x1, x2, . . . , xn} to the polynomial field{
t1, t

−1
1 , t2, t

−1
2 , . . . , tn, t

−1
n

}
for any choice of power vectors {ui} on {xi} by a

natural lifting of {a1, a2, . . . , an} into the term powers of
{
t±j
}

:

π̂ : k[x]→ k[t±], xuii 7→ (tai)ui (49)

Example The collection of integer vectors A = {(2, 1, 0), (0, 3, 2), (1, 1, 1), (2, 0, 2)}

induces the following map π̂ on {x1, x2, x3, x4}:

π̂ : x1 7→ t21t2, x2 7→ t32t
2
3, x3 7→ t1t2t3, x4 7→ t21t

2
3. (50)

This map generalizes to all polynomials in the field, e.g.:
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π̂(x2
4 − x2

1x2x
3
3) = (t21t

2
3)2 − (t21t2)2(t32t

2
3)(t1t2t3)3 (51)

= t41t
4
3 − t51t82t53 (52)

The kernel of π̂ are all those polynomials in k[x1, x2, . . . , xn] that are

mapped to 0. The set of all polynomials in the kernel of a map π̂ associated

to a choice of integer vectors A is an ideal in the polynomial ring, denoted

IA and referred as a Toric Ideal.

Every vector u ∈ Zn can be written uniquely as u = u+ − u− such that

u+ and u− are non-negative with disjoint support, i.e. they represent the

positive and negative domains of u.

For every term order ≺ in k[x1, x2, . . . , xn], we construct a finite set of

vectors G ⊂ ker(π) such that the reduced Groebner basis of IA with respect

to ≺ is equal to
{

xu+ − xu− : u ∈ G≺
}

. There is an algorithm:

Groebner basis of toric ideal IA

1. Introduce n+d+1 indeterminates t0, t1, . . . , td, x1, x2, . . . , xn. Let ≺ be any

term order with {ti} � {xj}

2. Compute the reduced Groebner basis G of the ideal〈
t0t1 · · · td − 1 , x1 · ta

−
1 − ta+

1 , . . . , xn · ta
−
n − ta+

n

〉

3. Return: The elimination ideal G ∩ k[x1, x2, . . . , xn]
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Remark If A is entirely nonnegative, t0 is not necessary and we can compute

the Groebner Basis from the ideal 〈xi − tai : i = 1, . . . , n〉. [25]

Example (continued) Computing the Groebner basis of IA with graded

lexicographic order yields {x4
3 − x1x2x4}. This is easily checked:

π̂(x4
3 − x1x2x4) = (t1t2t3)4 − (t21t2)(t32t

2
3)(t21t

2
3) (53)

= 0 (54)

The union of all Groebner bases G≺ with respect to a lexicographic order

≺ for all lexicographic orders is the universal Groebner basis, and is a

generating set of ker(π̂).

Now that we have a solid idea on what toric ideals are, we can construct

invariants that manipulate Equation (46) to compute toric ideals of the

fourier transforms of expectation coordinates. In [27], this method constructs

invariants by splitting a tree topology into a set of local topologies.

6.3 Labelings

We produce invariants of the group-based model by assigning labels to the

edges and producing a map from the set of fourier coordinates{
q11···1, q11···φ, . . . , q(φψ)(φψ)···(φψ)

}
to a set of indeterminates representing the

labelings of an edge for each edge. The polynomials in the toric ideal

constructed this way are then returned to the ring of expectation coordinates

R[pAA···A, pAA···C , . . . , pTT ···T ], which are the set of invariants in the group-rate

model. This will be made explicit soon.
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Figure 7: A rooted 3-leaf tree

For each coordinate qχ1,χ2,...,χn in
{
q11···1, q11···φ, . . . , q(φψ)(φψ)···(φψ)

}
, we associate

the fourier leaf labelings (χ1, χ2, . . . , χn) to leaves (l1, l2, . . . , ln).

We attribute to each edge on a phylogenetic tree with a fourier leaf

labelings, a fourier labeling determined by the leaves proceeding the edge.

Recall the definition of Λ(e) as the set of all leaves directed away from the

edge e. For each edge e ∈ E(T ), let g(e) be the associated edge label defined

by:

g(e) =
∏
l∈Λ(e)

χl (55)

Example Consider Figure (6.3), and let the fourier labeling on the leaves

(l1, l2, l3) be (1, φψ, φ), then the induced labelings of the edges are

g(e1) = χl1 = 1, g(e2) = χl2 = φψ, g(e3) = χl3 = φ
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g(e4) = χl2χl3 = (φψ)(φ) = ψ

For each leaf-wise coordinate, qχ1χ2···χn , we produce an injective map into

a set of indeterminates with coordinates associated to the fourier edge labels

induced by Equation (55). Letting m = |E(T )|, we denote these edge-wise

coordinates by qge1ge2 ···gem , such that for Λ(ei) = {li} ,∀ i = 1, . . . , n. That is,

we label those edges adjacent to leaves with their associated leaf-labels.

Recalling the transform into fourier coordinates, Equation (46), this map

can now be constructed as a product of the fourier transition function f̂

acting on the fourier edge labels constructed above.

qχ1···χn ↔ qg(e1)g(e2)···g(em) =
∏

e∈E(T )

f̂ e(g(e)) (56)

By this construction, the injectivity of the map from leaf-coordinate inde-

terminates to edge-coordinate indeterminates is made explicit. It should also

be noted that this product does not rely on the root representation π̂, and

all edges e have direction away from the interior node closest to the root

node. This distinction will soon be done away with, however for cases on

subtrees, and edges will be directed away from a chosen node.

Along with those group labels and character labels, we define a third set

of labels L and labeling function

L : Ĝ→ L (57)

Recall that we require identical group-based rate matrices attached to

the Markov model on the phylogenetic tree, or else the isomorphism from

transition probabilities to group actions does not exist. We identify unique

labels for each unique element in the array. For Jukes-Cantor, this array
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[1 − 3α, α, α, α] has only two unique labels, while in Kimura-3, the array

[1 − (α + β + γ), α, β, γ] has a unique label to each element. For Kimura-3,

which is the model we are interested in, this only creates another bijection

between labelings, and is trivial. However, it should be noted that were we

to choose a model, we’d be forced to consider linear invariants, which are

coordinate equalities that are attributed to equivalent labelings. Those models

with linear invariants must then create invariants modulo to the ideal of

linear invariants. The purpose of creating L-labels is then to determine those

linear invariants.

From the label function L in Equation (57), we induce a map LT from

the edge-coordinate labelings above to an array of edge L-labels, defined:

LT : Ĝm → Lm,

: (g(e1), . . . , g(em)) 7→ (L(g(e)))e∈E(T ) = (L(g(e1)), L(g(e2)), . . . , L(g(em)))

We consider for all edges e ∈ E(T ) and labels l ∈ L, we propose the

indeterminate variables ael , termed edge-label indeterminates . This induces a

map relating each fourier edge-coordinate to the polynomial ring of edge-label

indeterminates.

C[qg(e1)···g(em) : (χ1, . . . , χn) ∈ Ĝn] → C[ael : e ∈ E(T ), l ∈ L], (58)

qg(e1)···g(em) 7→
∏

e∈E(T )

(ael )L(g(e)). (59)

Then the map from leaf-coordinate indeterminates to edge-label indetermi-
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nants is the composition of maps Equations (56) and (58) :

C[qχ1···χn ]→ [qλ : λ ∈ im(LT )]→ C[a
(e)
l : e ∈ E(T ), l ∈ L]. (60)

The edge-label indeterminates for a given edge-wise fourier coordinate

is the fourier equivalent to a single history as in Equation (24). We

are only interested in the algebraic manipulation they allow. The map of

fourier leaf-coordinates to the edge-label indeterminates in Equation (60) is

exactly the map whose associated toric ideal we wish to compute. More

precisely, those binomials in [qλ : λ ∈ im(LT )] that return 0 when mapped

into C[a
(e)
l : e ∈ E(T ), l ∈ L]. The union of all ideals across the choice of leaf

labels is the set of all phylogenetic invariants for group-based models.

So given the transformation from group-coordinates to fourier coordinates,

and fourier coordinates to edge-label indeterminates, we want the kernel. The

naive approach would be to use Buchberger’s algorithm or another algorithm

to compute Groebner bases, which would work, but is a distasteful for many

reason.

• Groebner basis computation is slow, prohibitively slow. To be avoided

aside from the simplest cases.

• Provides us no real intuition as to the topological information the

phylogenetic invariants may be capable of communicating.

• [27] has already solved the first two problems with their approach of

flattenings.
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6.4 Group-based Flattenings

With the concept of flattenings comes the dirty truth about our construction

over directed phylogenetic trees. The construction does not, in fact, rely upon

a direction. This is advantageous, however, as our purposes in this paper is

to deduce the topology of the undirected phylogenetic tree, since practically

we have no real intutition as to where the position of the common ancestor

is in relation to the taxa. For the purposes of propagating labels from leaves,

we direct propagation away from the edges and roots we choose to separate

our subtrees along.

Let T be a phylogenetic tree, we construct for an edge e ∈ E(T ) the

unique pair of connected component subtrees whose union of edges is E(T )

and whose intersection is strictly e, and choose an arbitrary direction away

from e that will define Λ(e). Note that for our purposes, we will only choose

interior edges. Define these subtrees Te,+ and Te,− by their respective edge

sets:

E(Te,+) := Λ(e) ∪ {e} (61)

E(Te,−) := (E(T )− Λ(e)) ∪ {e} (62)

The vertex sets V (Te,+), V (Te,−) are obtained from the unions of the vertices

from the edge sets. It is clear that the choice of direction that defines Λ(e)

is arbitrary.

Example Observe Figure (6.4), which is the result of splitting a 6-leaf unrooted

tree along the edge (v8, v9), producing Te,+ and Te,−. Labeling each subtree
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Figure 8: Subtrees E(Te,+), E(Te,−) for a 6-leaf tree T and edge (v8, v9)

as Te,+ or Te,− is dependent on an arbirtrary choice of direction in the

undirected tree T .

The action of obtaining a pair of subtrees in this manner will be referred

to as a edge flattening along e. The meaning of which will become more

clear. Next, we define the images of the labeling function on these subtrees,

and require pairs of labelings to be consistent :

Definition We say a choice of two labelings λ− ∈ im(LTe,−), λ+ ∈ im(LTe,+)

are consistent if λ−[e] = λ+[e].

That is, we require those labelings on the leaf sets of our subtrees to

propagate onto our chosen edge e with the same label. The intuition is

sound, as the random walk along the correct phylogenetic tree described as

group actions must, over time, produce consistent actions along the interior

edges to obtain labelings on the leaf-set over time.

43



Figure 9: A sample consistent labeling and edge propagation on E(Te,+), E(Te,−)

Although it is not required, we will use the tableau notation of [27] to

develop our invariants. Let {li : 1, 2, . . . , d} for the following tableau notation

represent a set of L-labels on the edge-set for the tree T . For any given

d ∈ N, the edge-coordinate monomial M = ql1ql2 · · · qld has an associated tableau:

M =



l1

l2
...

ld


(63)

Let T1, T2, T3 be connected component subgraphs, and their respective

consistent edge labelings l,m, n. Let {(li,mi, ni), i = 1, . . . , d} be a collection

of consistent, not necessarily unique edge labelings. We denote the product

of L-label edge-coordinates ql1,m1,n1ql2,m2,n2 · · · qld,md,nd as the monomial M with

tableau notation:
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M =



l1 m1 n1

l2 m2 n2

...
...

...

ld md nd


(64)

Using this notation, we have the following.

Lemma 6.2 Suppose for the subtrees (T1, T2, T3) have the edge sets (Λ(e) ∪

{e} , {e} , E(T ) − Λ(e) ∪ {e}), and let (l1,m, n1) and (l2,m, n2) be two not

necessarily distinct consistent labelings of (T1, T2, T3). Then

g =

l1 m n1

l2 m n2

−
l1 m n2

l2 m n1

 (65)

lies in the ideal IT,L.

Proof The labelings (l1,m) and (l2,m) are consistent labelings for the subtree

Te,−, and labelings (m,n1) and (m,n2) are consistent labelings for the subtree

Te,+. [27].

The set of all possible binomials constructed by consistent labelings on

edge flattenings with respect to a given e are denoted Quad(e, T ).

Next, we construct the set of connected component subtrees (T1, T2, T3) for

each internal vertex v ∈ V (T ) by the unordered set of trees that satisfy the

condition: V (T1) ∩ V (T2) = V (T1) ∩ V (T3) = V (T2) ∩ V (T3) = {v}, as in Figure

(6.4):

Choosing subtrees in this manner is called vertex flattening. Much as

we obtained invariants by a choice of edge flattenings, we do the same for
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Figure 10: A vertex flattening on a 6 leaf tree

vertices.

Definition Choose a vertex v with valence c. Then the subtree containing

only those edges adjacent to v is the claw tree K1,c.

Note that for our purposes, we only choose interior vertices on bifurcating

trees, hence c = 3.

Lemma 6.3 [27] Let (T1, T2, . . . , Tc) be the connected component subtrees of

T defined by the property that ∀ i 6= j, V (Ti) ∩ V (Tj) = v. That is, we

construct our set of subtrees by separating them at their joint vertex. Let

{(l11, · · · , lc1), . . . , (l1d, · · · , lcd), (m1
1, · · · ,mc

1), . . . , (m1
d, · · · ,mc

d)} be a collection of

consistent labelings onto these subtrees. Then the following is a binomial in

tableau notation
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g =


l11 · · · lc1
...

...
...

l1d · · · lcd

−

m1

1 · · · mc
1

...
...

...

m1
d · · · mc

d

 (66)

The set generated by the construction of all such binomials with consistent

labelings on the subtrees associated to the flattening on v is denoted Ext(Bv →

T ), and is a subset of IT,L. Furthermore, for each row i, column j, consider

labelings Lij,M
i
j ∈ Im(LTv,ej , lji ) such that the set

{
Lji
}d
j=1

is equal to the

multiset
{
M j

i

}d
j=1

. Then the binomial

g∗ =


L1

1 · · · Lc1
...

...
...

L1
d · · · Lcd

−

M1

1 · · · M c
1

...
...

...

M1
d · · · M c

d

 (67)

lies in Ext(Bv → T ), and from all choices of consistent labelings and

arrangement of multisets, all the associated binomials generate Ext(Bv → T ).

This is really pretty. As we see here, by flattening the tree by each

vertex, we’re able to produce invariants based on the independence of the

edge labelings from each other. We denote by Bv the generating set for

these vertex flattenings for each v. The next lemma settles our search for

group based invariants.

Lemma 6.4 Let T be a tree with consistent labeling and e any interior

edge. Then given the construction of the objects described above, the ideal IT,L

is exactly

(
⋃
v

Ext(Bv → T )) ∪ (
⋃
e

Quad(e, T )). (68)

and given a term order, the binomial constructions above are also a universal
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Groebner basis. [27]

This lemma proves that the previous constructions of invariants create a

generating set for invariants of the family of Kimura models, and whats

more, determines all invariants by their local structures alone. This is incred-

ibly useful. We shall see more invariants that are determined by their local

topologies, and that when considering local topologies, we can discuss trees

that are very much like each other.

A watchful eye may have noticed that while we can create binomials as

above up to a degree d, we have not mentioned what d may be. The following

theorem puts this to rest:

Theorem 6.5 [27] Let T be an arbitrary binary rooted tree. Modulo the

trivial invariant q00···0 − 1,

1. the phylogenetic invariant ideal of the Jukes-Cantor binary is generated

by polynomials of degree 2

2. the phylogenetic invariant ideal of the Jukes-Cantor DNA model is

generated by polynomials of degree 1,2, and 3

3. the phylogenetic invariant ideal of the Kimura 2-parameter model is

generated by polynomials of degree 1,2,3 and 4

4. the phylogenetic invariant ideal of the Kimura 3-parameter model is

generated by polynomials of degree 2, 3 and 4

The method described in computing polynomials of degree d for the vertex

flattenings are allowed to be bounded by d = 4 to obtain (with a term

ordering) a Hilbert basis for this subset of polynomials.
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Remark All this was started by the proposition in [1] that invariants could

be deduced from exploiting the local topology of a phylogenetic tree. That all

the group-based invariants were determined by this notion is rather incidental,

as the group-based model is very restrictive on the predictive capabilities.

Rememember, we were forced by the model to fix all edges to the same

length.

7 General Stochastic Model

This section returns to the language of Markov models and away from spectral

analysis. For reference, we consider the structure for a general stochastic

Markov matrix.



1− d− g − j a b c

d 1− a− h− k e f

g h 1− b− e− l i

j k l 1− c− f − i


Unlike the Kimura models, there are no identifiable algebraic structures to

attach machinery to; the construction of algebraic invariants for the general

Markov model carried out via manipulation of the linear algebra on Markov

matrices.

Remark The first construction of invariants are those found by [5] and [20],

were built for the general stochastic model. These were important introductory

discussions, the invariants when evaluated over data have been found to make

weak statistical metrics. It is generally assumed that these and other linear

invariants. Those invariants with total polynomial degree = 1, are of little

predictive value [12].
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Consider again the coordinate function evaluated over the collection of

histories:

fl1l2···ln(kl1 , kl2 , . . . , kln) =
∑

(kv)∈H

(πr(kr)
∏

v∈V (T )/{r}

Mσ(v)v(kσ(v), kv)) (69)

This is a real function over the n dimensional space of the values at each

leaf. Recall the distribution function Equation (26), whose image is the array

(pAA···AA, pAA···AC , . . . , pTT ···TT ). We define a bijective function from im(F̃) to

the space to the n-tensor product of n rank-4 arrays [1].

El1l2···ln(l1, l2, . . . , ln) : (pAA ···AA, pAA ···AC , . . . , pTT ···TT ) 7→



pAA···AA

pAA···AC

pAA···AG

pAA···AT


⊗



pAA···CA

pAA···CC

pAA···CG

pAA···CT


⊗ · · · ⊗



pTT ···TA

pTT ···TC

pTT ···TG

pTT ···TT


If we label a single leaf lj by kj ∈ {A,C,G, T}, E maps to the n− 1

tensor:

El1l2···ln(l1, l2, . . . , lj−1, kj, lj+1, . . . , ln) : (pAA···AA, pAA···AC , . . . , pTT ···TT ) 7→



pAA···kj ···AA

pAA···kj ···AC

pAA···kj ···AG

pAA···kj ···AT


⊗



pAA···kj ···CA

pAA···kj ···CC

pAA···kj ···CG

pAA···kj ···CT


⊗ · · · ⊗



pTT ···kj ···TA

pTT ···kj ···TC

pTT ···kj ···TG

pTT ···kj ···TT


A choice of labelings (kj1 , kj2 , . . . , kjh) ∈ {A,C,G, T}h for any choice of h
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leaves returns an (n − h)-tensor. When all leaves are attributed a labeling

(k1, k2, . . . , kn), the tensor returns the associated indeterminate expectation

El1l2···ln(k1, k2, . . . , kn) = pk1k2···kn . (70)

Let the leaf-label Σ at lj induce the marginal distribution over

(l1, . . . , lj−1, lj+1, . . . , ln) be:

El1l2···ln(k1, k2, . . . , kj−1,Σ, kj+1, . . . , kn) =
∑

kj∈{A,C,G,T}

pk1k2···kj−1kjkj+1···kn (71)

Then for a labeling
{
kj1 , . . . , kjn−2 : kj ∈ [A,C,G, T,Σ]

}
on a choice of

n − 2 leaves returns a 4 × 4 matrix with entries in R[pA···A, pA···C , · · · , pT ···T ].

By manipulating these matrices we produce certain equalities and in turn,

phylogenetic invariants. For notational purposes, we define the distribution X

by

Xk1k1···kn := El1l2···ln(k1, k2, . . . , kn), ki ∈ {li, A, C,G, T,Σ} (72)

7.1 Vertex Flattenings

We refer to a sample construction of invariants on a 4-taxa phylogenetic

tree, then generalize to those trees with ≥ 4 taxa. In this case, we refer

to the evaluation of the tensor on the labels (k1, k2, k3, k4) ∈ {A,C,G, T}4.

We refer to the tree in Figure (7.1) defined by the directed edges E(T ) =

[(l1, v5), (v5, l2), (v5, v6), (v6, l3), (v6, l4)]. We choose l1 as the ”root”’, that is, we

direct all Markov matrices as acting away from l1, although we will evaluate

l1 as a taxon.
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Figure 11: Unrooted 4-taxon phylogenetic tree.

Xk1k2k3k4 = πl1(k1)
∑

k5∈{A,C,G,T}

Ml1v5(k1, k5)Mv5l2(k5, k2) (

∑
k6∈{A,C,G,T}

Mv5v6(k5, k6)Mv6l3(k6k3)Mv6l4(k6, k4))

Dl1 =



πl1(A) 0 0 0

0 πl1(C) 0 0

0 0 πl1(G) 0

0 0 0 πl1(T )


Define the diagonal matrix Pv5,l3l4;ij (which associates given leaves l3, l4 to

values i, j, respectively) by the entry values
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For k ∈ {A,C,G, T} ,

Pv5,l3l4;ij(k, k) =
4∑

m=1

Mv5v6(k,m)Mv6l3(m, i)Mv6l4(m, j)

For k 6= l,

Pv5,l3l4;ij(k, l) = 0

Define for i, j, k, l ∈ {A,C,G, T},

Xl1l2ij = Dl1Ml1v5Pv5,l3l4;ijMv5l2

Xl1l2kl = Dl1Ml1v5Pv5,l3l4;klMv5l2

Xl1l2ΣΣ = Dl1Ml1v5Mv5l2

The following is a result of linear algebgra:

Xl1l2ijX
−1
l1l2ΣΣXl1l2kl =

= (Dl1Ml1ePe,l2l3;ijMv5l2)(M
−1
v5l2

M−1
l1v5

D−1
l1

)(Dl1Ml1v5Pv5,l3l4;klMv5l2)

= Dl1Ml1v5Pv5,l3l4;ijPv5,l3l4;klMv5l2

= Dl1Ml1v5Pv5,l3l4;klPv5,l3l4;ijMv5l2

= (Dl1Ml1v5Pv5,l3l4;klMv5l2)(M
−1
v5l2

M−1
l1v5

D−1
l1

)(Dl1Ml1ePe,l2l3;ijMv5l2)

= Xl1l2klX
−1
l1l2ΣΣXl1l2ij

We make the substitution X−1
l1l2ΣΣ = 1

det(Xl1l2ΣΣ)
Cof(Xl1l2ΣΣ)T
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Xl1l2ijCof(Xl1l2ΣΣ)TXl1l2kl = Xl1l2klCof(Xl1l2ΣΣ)TXl1l2ij (73)

Xl1l2ijCof(Xl1l2ΣΣ)TXl1l2kl − Xl1l2klCof(Xl1l2ΣΣ)TXl1l2ij = 0 (74)

The left hand side of Equation (74) has 16 entries in

R[pAA···A, pAA···C , · · · , pTT ···T ], all of which must be congruent to zero. Hence

we have 16 algebraic invariants of degree 5.

Next, we generalize this construction to trees with ≥ 4 taxa, with an

emphasis as to how these are flattenings. Choose an internal vertex and

remove this vertex from the tree. The valency of internal vertices are exactly

3, hence the removal returns 3 disjoint connected subtrees. Choose two

subtrees, and from each tree choose exactly one leaf, denoted a1 and a2. Then

from the remaining tree, order the leaves a3, . . . , am. Then for any labelings

(i3, . . . , im), (j3, . . . , jm) ∈ {A,C,G, T}m−3

Xl1l2i3...imΣΣCof(Xl1l2ΣΣ)TXl1l2j3...jmΣ...Σ = (75)

Xl1l2j3...jmΣ...ΣCof(Xl1l2ΣΣ)TXl1l2i3...imΣΣ (76)

This is one of a handful of constructions in [1]. Note that the construction

is determined by the local topology around a chosen interior vertex.

7.2 Edge Flattenings

Definition Define an edge flattening of an edge e on the tensor Xl1l2···ln

as defined above by removing e from the edge set of E(T ) and returning
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the two connected, component subtrees T1 and T2. Let the split induced by

the flattening of ordered leaves be the pair of leaf sets (L(T ) ∩ V (T1)) and

(L(T ) ∩ V (T2)). Reorder the leaves such that:

{l1, . . . , lm} = L(T ) ∩ V (T1) (77)

{lm+1, . . . , ln} = L(T ) ∩ V (T2) (78)

(79)

The flattening of X on e is the 4m × 4n−m matrix F = Flate(X)

defined for all matrix positions i ∈ {1, . . . , 4m} , j ∈ {1, . . . , 4n−m}, as follows:

Order the elements in J1 = {A,C,G, T}m , J2 = {A,C,G, T}n−m such that

u1u2 · · ·um = J1[i], v1v2 · · · vn−m = J2[j] and set:

F (i, j) = Xu1,...,um,v1,...,vn−m = pu1,...,um,v1,...,vn−m . (80)

This construction returns an array of all indeterminate expectations.

Although we have made it explicit for labelings in the set of nucleotides,

the construction of flattenings are easily generalized to any number of finite

states. We provide an example in the 2-state case.

Example Consider the 5-taxon unrooted tree as in Figure (12) with leaf labels

in {0, 1}. From looking at the picture, we see two natural edge flattenings

on the 2 × 2 × 2 × 2 × 2 produced. The splits induced by the internal edge

flattening are {{l1, l2}, {l3, l4, l5}} and {{l1, l2, l3}, {l4, l5}}, with matrices
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Figure 12: A 5-leaf unrooted binary tree



p00000 p00001 p00010 p00011 p00100 p00101 p00110 p00111

p01000 p01001 p01010 p01011 p01100 p01101 p01110 p01111

p10000 p10001 p10010 p10011 p10100 p10101 p10110 p10111

p11000 p11001 p11010 p11011 p11100 p11101 p11110 p11111




p00000 p00001 p00010 p00011

p00100 p00101 p00110 p00111

p01000 p01001 p01010 p01011

p01100 p01101 p01110 p01111

p10000 p10001 p10010 p10011

p10100 p10101 p10110 p10111

p11000 p11001 p11010 p11011

p11100 p11101 p11110 p11111


Developing an edge flattening by perturbing the indeterminate tensor natu-

rally leads us to question exactly what the Markov model for this construction
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is. Let the graphical model initiate from a node r and bifurcate immediately

into two edges whose terminal nodes represent states in {A,C,G, T}n and

{A,C,G, T}n−m. Then the Markov matrices associated to these edges are M1

and M2 with sizes 4 × 4m and 4 × 4n−m, and the Markov matrix product

that defines Flate(X) is

Flate(X) = MT
1 DrM2 (81)

Where Dr is the diagonalization of the root distribution vector. Since

the ranks of M1 and M2 are at most 4, matrix Flate(X) must have at

most rank 4. This leads us to the nub of this construction. Since Flate(X)

has rank ≤ 4, then every 5 × 5 minor of Flate(X) must have determinant

zero. The determinant is a degree-5 polynomial in the ring of indeterminants.

Hence, by taking the determinant of any 5 × 5 minor of Flate(X) we

compute phylogenetic invariants, implying that these invariants when evalu-

ated under data will tell us information about whether the splitting of the

leaves in this way is valid for the best fit topology of the phylogenetic tree [2].

Remark Please note again that this construction of Markov matrices can be

generalized to any Markov tree model with any finite number of states at

the leaves. Then for leaves with κ number of states, we must find the

determinants of the (κ + 1) × (κ + 1) minors of an edge flattening that will

return a κ+ 1-degree algebraic invariant.

7.3 Sufficiency of Flattenings

The last thing to discuss is exactly how dense constructions of invariants

by vertex and edge flattenings are in the ideal of invariants for the general
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Figure 13: Visual representation of an edge flattening along edge (v9, v10)

Markov model. Without going too deep into the algebra, we mention a few

key facts.

Conjecture 7.1 [2] For any number of states κ and and number of taxa n,

the phylogenetic ideal IT for the general Markov model on a binary n-taxon

tree T is the sum of the ideals associated to the flattenings of Xl1l2···ln at

the vertices of T .

That edge flattenings are actually a special case of vertex flattenings is

made clearer in [2], and an important corollary the binary state case is

deduced.

Corollary 7.2 The ideal IT of all phylogenetic invariants for the phylogenetic

tree model with binary states is generated by the 3 × 3 minors for all edge

flattenings of the model’s associated n-tensor.
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Remark The notion of vertex flattenings is more formal, and requires the

use of the secant varieties in [19]. In [2] it is made relatively clear that

the ideal of invariants on the general Markov phylogenetic tree model is

found by constructing all invariants of vertex and edge flattenings, much as

in [27]. However, a construction of a generating set of vertex flattenings is

not deduced, and while a great many of invariants can be produced, finding

a generating set for IT is still an open problem. Please refer to [19] and

[2] for a clear description of how we know that vertex and edge flattenings

generate the ideal IT .

While the sufficiency of flattenings is not completely understood, we do

have the methods to produce a great number of them, we have relative

confidence in their statistical value, and in practical cases its hard to believe

that we’ll require the generating set of IT to develop useful statistics. Recall

that the emphasis of our invariants has been to obtain local information.

This notion will become clearer as we discuss the space of trees.

8 Space of Trees

Each construction of invariants that we’ve discussed are derived from a subset

of the topological properties of the phylogenetic tree associated to it. These

invariants when evaluated under the observed data can be used to construct

statistics of each tree, and the best fit tree should have the optimum statistic,

this is usually the minimum statistic when the statistic is a metric (like L1)

over all invariants. Then the next problem in comparing trees is how to

most efficiently compare them, so as to reduce the total number of invariants

computed for any set of observed data. For some naive trials, such as those

above in [4], invariants are computed for all trees, the invariants evaluated
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Figure 14: The space of all 4-taxon unrooted binary trees. All trees in space
collapse their edge into T0 and extend to become another tree

over the observed data, then a statistic is computed for these invariants to

compare all trees to each other. We may also compare subsets of trees

based on their local features and choose the optimal tree. That is, there

is a systematic way to organize trees by a distance away from the solution tree.

We refer to the space of trees (Tn) as the set of all undirected binary

n leaf trees. It should be again noted that there exists a naturual bijection

from undirected binary n leaf trees to the directed binary n− 1 leaf trees.

Definition Define the action of collapsing an edge by deleting an internal

edge and defining its two adjacent vertices as one vertex. Define the action

of extending an edge on a vertex of valence 4 by pairing the adjacent four

edges into two connected subgraphs, then joining the subgraphs with an edge

that is adjacent to all four initial edges. Define a rotation by the action of

successively collapsing and extending an internal edge. Define the rotational
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distance between any two trees as the minimal number of rotations necessary

to transform one n-leaf (un)rooted binary tree to another.

Properties There are exactly
(

4!
2!2!

)
/2 = 3 unique rotations for any given

internal edge in a binary tree, the number of unordered choices of a set of two

in a set of four. For an undirected phylogenetic tree with n ≥ 3 taxa, there

are exactly n − 3 internal edges, hence 3n − 9 number of rotations possible.

Since 1 out of 3 rotations is an identity map, there are 2 rotations for each

edge that return a new tree, hence there are 2n− 6 number of unique trees

neighboring any tree.

Remark We now have a relation between trees. We say that two phylogenetic

trees are neighbors if there exists a single rotation that maps one tree to

another. It is clear that this map is invertible by a single rotation. Here, the

idea of local topology becomes clear. The local topology is a subset of vertices

and edges that define how connected component subtrees of a phylogenetic

tree are related to each other, and what rotations map topologies to each

other.

Given sets of maps that relate trees to each other, we can define a

graphical space with unique tree topologies as nodes connected by edges if the

associated trees are related to each other by a rotation. Denote this space

by Tn. This space has a number of nice properties.

We define a map from the internal edges of a single undirected tree

IE(T ) to the real space Rn−3 by the following map.

D : IE(T )→ Rn−3, ((vi1, v
t
1), ie2, . . . , ien−3) 7→ (d(ie1), d(ie1), . . . , d(ien−3));
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where d(ie) = d(σ(v), v) is a real metric with the property:

d(v1, v3) = d(v1, v2) + d(v2, v3)

The image of this map is a nonnegative convex polyhedra of dimension

(n − 3), and we describe the image for a tree’s internal edges is the tree’s

orthant. We construct spaces by this map for each tree in Tn. Each (n−4)-dim.

face of the tree orthant corresponds to a binary tree with a single collapsed

edge. The edge which is measured along the axis at 0. There are exactly

three trees that collapse an interior edge to this non-binary tree, hence the

orthants of the three trees share this face. We then allow the faces of the

orthants for all possible (2n− 5)!! undirected binary trees to be equivalent in

Tn if their respective faces are corresponding to the same tree, defining an

equivalence relation between the faces of tree orthants.

Definition In the space of trees as a convex polyhedra, the union of all

points where the coordinate sum metric (L1) is exactly 1 is defined as the

link of the origin. The link of the origin in any orthant in turn forms a

simplex, and the link of the origin is a simplicial complex.

Example

• n=4 : There exist 3 binary rooted trees with 1 interior edge. Each tree

determines each 1-dimensional orthant converging to a 0-dimensional face

at the origin. The link of the origin is exactly the three points along

each ray with length 1 from from the origin.

• n=5: There are 15 binary rooted trees, each with a 2-dimensional orthant

sharing one-dimensional faces. The link of the origin has the interesting
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Figure 15: The link of the origin of T4, represented by the 3 bold dots. The
labels correspond to the trees in Figure (14)

property of being equivalent to the Petersen graph, shown in Figure

(16).

The following describes the size of Tn.

Theorem 8.1 The maximum rotational distance between any two trees in the

space of undirected, n-leaf trees is Θ(nlogn), or the upper and lower bounds

are constants multiplied by nlogn.

Proof In [9] it’s shown that the upper bound for rotational distance O(nlogn).

In [29] it is shown for Ω(nlogn).

Definition A (not necessarily unique) path of minimum rotational distance

in Tn between any two trees is referred to as a geodesic

With an understanding of the geometry on the space of phylogenetic trees,

and in particular the maximum geodesic length in Tn, we can complete this
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Figure 16: The link of the origin of T5, shown here in most familiar form of
the Petersen graph. [22]

brief introduction and move forward with the interesting experiment. However,

in [9], [3], [28], and [29], there is extensive discussion as to the combinatorial

nature of binary trees, and there is further properties of interest.

Part II

Method, Data, and Results

9 Introduction

The next section takes into account the previous three sections. We have

obtained ways to compute invariants that are produced naturally from local

topologies on the phylogenetic tree which they describe. We have discussed

the space of phylogenetic trees, and the enlightening fact that the maximum
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path between any two trees in the space of trees is log-linear to the number

of leaves in the tree. An interesting question posed is whether or not the

”greedy algorithm”, as respect to a chosen metric, could not return to us

the best fit tree topology starting from a random intial point in the tree.

We will attempt to answer this by proposing that a metric derived from

invariants of a tree is a good candidate for our greedy algorithm on the

space of trees.

10 Hypothesis

By now, three things should be clear.

1. That the computation and evaluation of invariants can tell us information

about the topology of a phylogenetic tree.

2. We can compare phylogenetic trees that are topologically similar by

a subset of local topological properties, defined here as a difference of

rotations between any two trees.

3. If we are allowed a way of determining which tree from any subset of

topologically similar trees is ”closer” to the best fit topology in the

space of trees constructed above, then the path from any tree to the

best fit topology by choosing at each step the closest tree is maximally

log-linear (O(nlogn)).

Then if we can construct an algorithm that chooses a path by following

the geodesic between any two trees based on sequence alignments, this would

improve the computational efficiency for computing the best fit phylogenetic

tree. The natural algorithm to first test is a greedy algorithm. We would like

to see if a greedy algorithm on the space of trees scored using a chosen
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statistic parameterized over the invariants when evaluated under observed data

terminates at the best fit phylogenetic tree. Furthermore, if the statistic

strictly decreases when moving between nearest neighbor trees towards the

best fit phylogenetic tree, this would make the greedy algorithm very strong.

How well the statistic used in the experiment performs depends on its

validity over the number of invariants computed and the validity of the

statistic over the observed alignment data. We use validity as a weaker form

of consistency, in that a parameter change may only improve the confidence

of a statistic, but does not imply the probability that the statistic will

produce an incorrect result converges to zero.

The validity and computational efficiency of the the greedy algorithm de-

pend on both the validity of the statistic over its respective parameters and

the geometry of the space of trees. We perform a number of experiments

each with 105 trials of the greedy algorithm for each tree in the space,

measuring the number of trials that predict the best fit tree over the num-

ber of invariants evaluated for the statistic on each tree. This is to test

the statistical validity of our greedy algorithm over the number of invariants

to compute for the statistic of each tree and over the position of the initial tree.

If the length of the DNA sequence is allowed to grow large, and the

sequence is generated by the process of propagating Markov matrices along a

tree network, then each invariant will converge to zero, so that each invariant

of the best fit tree is statistically consistent hence any metric on them. I

do not test against this, as many applications of phylogenetics restrict the

length of the alignment, hence it is interesting to test the algorithm on a
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relatively small alignment length.

11 Method

I used the software Seq-Gen [26] for randomly generating sequences based on

the general time reversible model. I chose a single labeled tree topology fix

as our best fit topology, then I inputted into Seq-Gen the best fit topology

and a list of parameters stated below:

• Number of Sequences (Taxa) : 6

• Length of sequences: 10000

• Branch lengths : [Homogeneous(t=.1),Homogeneous(t=.5)]

• Rate matrix: GTR(.1,.1,.1,.1,.1,.1)

Thus, we have exactly two sets of sequence data differentiated by the

length of the tree branches they describe. Since the branches are of homo-

geneous length, and the rate matrix is of the Jukes-Cantor class, both the

group-based and general Markov invariants should be statistically consistent

on the data.

This project required the nimble movement between strings, algebra, and

graphs. Each of which are handled admirably by Python 2.6 and the modules

numpy [24] and networkx [17].

We produce a total of 8 experiments for each choice of parameter, which

are as follows. First, the choice of branch lengths, which were produced from

the Seq-Gen data (t=.1, t=.5). Second, the method by which the invariants
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are constructed; we have chosen here to compare exactly two methods: general

Markov model edge-flattening invariants and group-based model edge-flattening

invariants. Third, we have chosen to perform trials across the number of

invariants to produce: 100, 300, 500, 700, 900, 1100, 1300.

Let the number of interior edges be |IE(T )|, and the total number of

experiments be H. We perform the following algorithm for each trial on the

space of trees.

1. Choose at random exactly H/|IE(T )| invariants from an edge flattening

for each interior edge. This weighs the invariants obtained for all edges

equally.

2. Evaluate each invariant by substituting the observed aligned base data

into each indeterminate.

3. Sum the absolute values of all evaluated invariants obtained this way.

Label this number for each tree its ”invariant statistic”.

4. Do this for all trees within the space of trees.

5. For each tree, start by labeling the tree chosen the ’initial’ and ’current’

tree. Evaluate the invariant statistic of the tree and all neighboring

trees.

6. Choose the tree with the lowerst scoring invariant statistic the ’current’

tree.

7. Perform this until the same current tree is chosen twice, this is the

’terminal’ tree.

8. If the ’terminal’ tree is the best fit tree, add the initial tree to the

”success” bin of trees for the space of trees.
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9. For the space of trees in each experiment, find the mean number of

”successes”, which is the size of the ”success” bin divided by (2n− 5)!!,

the number of trees in the space.

If we have been paying attention, we’ll recall that a geodesic from any

tree to the best fit phylogenetic tree is at most O(nlogn), for n large,

and that the number of neighboring undirected trees to any given tree is

2(n − 3). Hence if the algorithm above is optimal and we choose the tree

closest to the best fit tree at each turn, the number of trees to calculate

their invariant statistic is O(2(n− 3)(nlogn)) = O(n2logn), for n large enough.

This is significantly better than evaluating (2n− 5)!! trees.

Remark The metric described in (3) is the L1 metric. This is not the

optimal choice, but it should provide us with a rough estimate as to the

accuracy of the tree it describes, and is utilized effectively in [4]. It should

also be noted that a tree must have an invariant statistic local minimum in

the space of trees for it to be a terminating tree. Thus, it is essential that

the best fit tree must be a local minimum for the data not to skew wildly.

We will see that this does happen, but does not significantly affect overall

results.

12 Results

Above, the results in Figure (12) are results for all group-based and general

Markov trials given the choice of homogeneous branch lengths with t=.1.

Those trials marked between any two numbers n and n + 200 are chosen

to have evaluated n statistics. That is, those trials between 100 and 300

on the bottom axis were chosen to have 100 invariants. In red are those

experiments performed for the group-based flattenings, and it is clear that

69



Figure 17: Results for invariant statisic heuristic on space of trees with homogeneous
branch length t=.1. Group-based: +, General-Markov: x
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Figure 18: Results for invariant measure heuristic on space of trees with homogeneous
branch length t=.5, Group-based: +, General-Markov: x

for this set of data, clearly wins out against the general Markov model

flattenings, which are in blue (although for both the improvements from the

choice of 100 invariants in an experiment to 1300 invariants is noticeable).

That the group-based models achieve such accuracy on our algorithm with

such a low number of invariants is the remarkable facet of our computational

results.

Figure (12) is the collection of results for all group-based and general

Markov trials given the choice of homogeneous branch lengths with t=.5. The

tree branches for these trials are considerable larger than the first experiment,

and the graph shows a considerable change in the data. Now it is the

general Markov model invariants that perform highly, although there are some

experiments, shown in the blue x’s on the bottom, where the best fit tree
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Figure 19: A sample of all invariant statistics for all trees on a space with homogeneous
branch length t=.1; 1300 group-based flattenings

was not a local minimum in the tree space, leading to a complete failure

in the trial. Still, it is highly notable how the group-based models have

deteriorated in accuracy depsite what should be greater statistical evidence as

to the relationship between the trees.

With the consistency of the method of using invariants as a statistic

along the space of trees upheld by these few experiments, I now show the

invariant statistics for all trees on two single trials from the best cases above.

Figure (19) shows all 105 invariant statistics from a single trial of 1300

group-based edge flattenings for a tree with homogeneous branch length t = .1,

which is the best case from the two sets of data for group-based edge
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flattenings, shown in Figure (12). The axes are a bit facetious, and refer to

the number of the trees in the path instead of rotations. Note that the

invariant statistic score is not an error, or at least not a graphing error. If

the trials were performed again, it would be prudent to average this out to

something the same order as the general Markov invariant statistics (below).

The number of rotations in the path is simply one less than the number of

trees. Notice how there is one single point for a path length of 1, which is

the statistic for the best fit tree topology. The statistics for all the other

trees follow a nice progression, and it is easy to see how a greedy algorithm

on this data could, at least most of the time, follow the geodesic. There

are a few data points that point to a path of 6 trees, or 5 rotations.

This is actually a misdirection from the geodesic, as the maximum geodesic

is 5 rotations. There is also a subset of points for the 4-tree path trials

that are as low as most 3-tree path trials. This behavior is not optimal,

but otherwise interesting. What is encouraging is the steep dropoff between

statistics for trials along a 3-tree path, 2-tree path, and the best fit tree.

This tells us that the invariant statistics, at least for this case, are good at

determining when the trees are close to the best fit tree.

Figure (12) shows all 105 invariant statistics from an experiment of 1300

general Markov edge flattenings for a tree with homogeneous branch length

t = .5, which is the best case from the two experiments for general Markov

edge flattenings, shown in Figure (12). Once again we observe a lovely

progression. Compared to Figure (19), this trial did not find extra long paths,

so we may naively assume that most trees followed the geodesic or a path

close to one. Also, the data for the sets of trials for each path length are

well-grouped, especially compared to Figure (19), although the dropoff from

the 3-path, 2-path, and best fit tree topologies are about the same. That
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Figure 20: A sample of the invariant statistics for all trees on a single space with
homogeneous branch length t=.5; 1300 general Markov flattenings
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two different models should show this pattern of progression implies a strong

relationship between using invariant statistics and greedy searches on the space

of trees.

13 Discussion

Rather than comparing all possible tree topologies at risk of computational

inefficiency, we can organize the trees by a relation into a graphical space with

advantageous geometry. Then if we can produce a metric over the algebraic

invariants of the best fit phylogenetic tree that is minimized consistently,

and strictly increases as the distance away from the best phylogenetic as

the distance away from the best fit phylogenetic tree increases, we have an

efficient and geometrically interesting method to produce the best phylogenetic

tree.

From the small amount of trials performed, it is clear that the potential

for this approach is not unfounded, and wholly interesting. If we are allowed

optimal results for each trial, then we will find statistics on no more than

O(n2logn) trees, a far smaller number than (2n − 5)!!. There are other

methods that have been proposed to reduce the number of trees to compute

using invariant statistics. In [11], notably, is an approach that optimally finds

an invariant statistic for O(n2). This approach finds the singular value

decomposition of edge-flattened matrices, which while a natural metric on all

edge flattenings, does not allow a natural extension to measuring over other

flattenings. While this is certainly not prohibitive to prediction, the approach

above allows for a choice of any type of invariant, including vertex flattenings,

although sadly there was not enough time to perform trials using vertex

flattenings. Until a generating set for the general Markov invariants are found,
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we are only allowed subsets of generating sets, and how we choose these

subsets is a preference of which topological properties are of interest (i.e. in

[1] they describe invariants that predict the 4-point condition).

14 Conclusion

Invariants have been found to discuss local topological features of phylogenetic

trees, and phylogenetic trees when related to each other by local topological

features construct a combinatorially pleasing space to study. Though the data

so far is minimal, the general method of using the space of trees to reduce

the computation of the number of trees has so far been supported, and further

simulations should be conducted to reveal its potenetial. The advantage of

algebraic invariants is that they are of fixed polynomial degree, and that they

may be computed before any data is collected, then used as many times

as desired, reducing the total computational complexity. By this method,

the complexity of the construction of the best fit phylogenetic tree is the

complexity of the number of trees to evaluate, and this method resolves that,

at least partially.

For further research, it would be interesting to discuss what other

properties the geometry on the space of trees holds for this general method.

The geometry of the space of trees holds a rich structure, and the minimal

use of this structure has already led to a great improvement in the use

of invariant statistics. New experiments could involve the perturbation of

parameters, changing branch lengths and rate matrices in Seq-Gen to provide

new data, as well as actual biological data. There should (and by the author’s

willing, there will) be study into how vertex flattenings fare under these trials.
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Also to consider is the recombination of different invariant models into one

statistical measure. We also could choose invariants based on specific labelings,

as there are some aligned bases in alignments that occur more frequently

than others, and a choice of invariants based on the aligned base labelings

of indeterminates could manipulate this. There should be thought into the

development of comparing trees by invariant statistics obtained only by those

flattenings which differentiate two neighboring trees. This idea is trickier than

expected, as a tree will neighbor two trees that cannot be compared this

way. Still, even a naive comparison like this should fare better than the L1.

These are the first things that come to mind when exploring the potential

of this method, and it is the author’s opinion that these and other future

studies will be as englightening as this one.
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